Scaling analysis and simulation of strongly stratified turbulent flows h .W h e nR≫1, viscous forces are unimportant and l v scales as l v ∼ U/N (U is a characteristic horizontal velocity and N is the BruntVäisälä frequency) so that the dynamics of the flow is inherently three-dimensional but strongly anisotropic. When R≪1, vertical viscous shearing is important so that l v ∼ l h /Re 1/2 (l h is a characteristic horizontal length scale). The parameter R is further shown to be related to the buoyancy Reynolds number and proportional to (l O /η) 4/3 , where l O is the Ozmidov length scale and η the Kolmogorov length scale. This implies that there are simultaneously two distinct ranges in strongly stratified turbulence when R≫1: the scales larger than l O are strongly influenced by the stratification while those between l O and η are weakly affected by stratification. The direct numerical simulations with forced large-scale horizontal two-dimensional motions and uniform stratification cover a wide Re and F h range and support the main parameter controlling strongly stratified turbulence being R. The numerical results are in good agreement with the scaling laws for the vertical length scale. Thin horizontal layers are observed independently of the value of R but they tend to be smooth for R < 1, while for R > 1 small-scale three-dimensional turbulent disturbances are increasingly superimposed. The dissipation of kinetic energy is mostly due to vertical shearing for R < 1 but tends to isotropy as R increases above unity. When R < 1, the horizontal and vertical energy spectra are very steep while, when R > 1, the horizontal spectra of kinetic and potential energy exhibit an approximate k
Introduction
Stable and strong stratification is a common phenomenon in the atmosphere, oceans and lakes. Owing to their importance for the understanding of geophysical flows, stratified flows have been investigated in many theoretical, experimental and numerical studies. A commonly observed feature of strongly and stably stratified flows in the laboratory and numerical simulations is the formation of quasi-horizontal layers, often described as pancake structures (Herring & Métais 1989 This typical feature is also predicted by theoretical turbulence models (Godeferd & Cambon 1994) . Billant & Chomaz (2000a) investigated the dynamics of vertical columnar vortices in a strongly stratified fluid and observed the development of a zigzag instability ultimately leading to the formation of decoupled pancake-like vortices with sharp vertical gradients. They conjectured that the zigzag instability is the generation mechanism for the layered structures found in laboratory-scale flows and in geophysical flows. A main issue is the stability and the dynamics of these pancake-like structures in stratified turbulent flows: do they break-up into smaller structures and so cause a forward cascade of energy, or do the structures merge and hence cause an inverse cascade?
Mesoscale spectra of the kinetic and potential energy in the atmosphere display regularly a k −5/3 h and a k −3 v power-law behaviour, where k h and k v are the horizontal and vertical wavenumber respectively (Nastrom & Gage 1985; Cot 2001) . Several hypotheses have been developed to explain the observed spectra in stable stratified geophysical flows. Gage (1979) and Lilly (1983) attributed the k −5/3 h spectrum to an inverse cascade of energy as in two-dimensional turbulence. Herring & Métais (1989) performed numerical simulations of strongly stratified turbulence and reported only a weak inverse cascade. Métais et al. (1996) have also performed simulations of stratified and rotating flows and could only observe the inverse cascade in the strongly rotating limit when N/f ∼ 1, but not in the strongly stratified limit with N/f ≫ 1, which is relevant to the mesoscale range. Dewan (1979 Dewan ( , 1997 , on the other hand, suggested the existence of a forward cascade generated by gravity waves. To explain the k −5/3 h -spectrum, Lindborg (2002 Lindborg ( , 2006 proposed the hypothesis of strongly anisotropic three-dimensional turbulence in stratified flows, associated with a forward cascade of energy. Numerical simulations employing an ad hoc subgridscale model subsequently confirmed this hypothesis: the horizontal k −5/3 h spectrum was reproduced and a forward cascade of energy was clearly observed. Such a forward energy cascade with inertial characteristics and horizontal k −5/3 h spectrum was, however, not found in some other previous numerical simulations and laboratory experiments. Smith & Waleffe (2002) carried out numerical simulations of stratified flows with forcing at relatively small scales and argued for an energy transfer from small to large scales whenever the Froude number F h is smaller than a critical value. They observed a very slow monotonic growth of the kinetic energy in the simulations and all energy piled-up in the k h = 0 mode (often called the shear mode) when the stratification was strong. Such a growth of the energy in the shear mode was not always observed in simulations of strongly stratified flows by Laval, McWilliams & Dubrulle (2003) . At low Re (Reynolds number) the fluid appeared to be stable, but when Re was increased in steps at a fixed F h (horizontal Froude number), they saw more frequently regions with small or negative Ri (Richardson number) signifying the existence of shear instabilities and overturning of the buoyancy field. The slope of the horizontal energy spectrum was, nevertheless, much steeper than k −5/3 h . Laval et al. suggested that shear instabilities will occur, whatever the strength of the stratification, if Re is large enough.
Randomly forced flows with varying F h were studied numerically by Waite & Bartello (2004) . When the stratification was weak, the flow resembled threedimensional isotropic turbulence but the flow became increasingly layered when the stratification was increased. At low F h , the layers were very stable and no overturning motions were observed. The spectra at low F h were similar to the spectra obtained from a reduced set of equations, based on the assumption of a small vertical Froude number, but Waite & Bartello noted that they did not resemble the spectra in the atmosphere. The simulations showed increasing anisotropy of the dissipation tensor with increased stratification. In a following study, Waite & Bartello (2006) employed randomly forced internal gravity waves to generate turbulence. They investigated whether breaking waves could reproduce spectra observed in the atmosphere and oceans but concluded that the simulations were unsuccessful in this respect and furthermore noted that the spectra were sensitive to Re. Riley & deBruynKops (2003) carried out direct numerical simulations (DNS) of decaying stratified flows initialized with perturbed Taylor-Green vortices. Growing horizontal shear layers were observed between the vortices when the flow developed, creating local regions with small Ri. This led to the development of KelvinHelmholtz-type rollers, which subsequently became unstable and broke down to three-dimensional turbulence. The horizontal spectra showed an approximate but limited k −5/3 h -range, suggesting inertial-range dynamics. They argued that the largescale motions in stratified flows can be a continuous source of energy for smaller-scale motions and generate turbulence, provided Re is large enough. In experiments by Praud et al. (2005) of decaying stratified turbulence, layers were observed and the vertical shearing was intense in the fluid, but it did not appear to be strong enough to produce overturning instabilities. Horizontal spectra did not reveal a k
Kitamura & Matsuda (2006) studied spectra in stratified turbulence through largescale simulations. With rotation the horizontal k −5/3 h spectrum was reproduced and a forward energy cascade was observed, but without rotation, the horizontal spectrum was steeper. They noted that the energy dissipation due to vertical shearing was significant, even at large scales, and this may have affected the results.
The cascade of energy from large to small scales in stably stratified flows has now been confirmed by many independent studies (Lindborg 2002 (Lindborg , 2006 Riley & deBruynKops 2003; Waite & Bartello 2004 , 2006 Kitamura & Matsuda 2006) . Moreover, examinations of atmospheric data support the forward energy cascade hypothesis (Cho & Lindborg 2001; Lindborg & Cho 2001) . The aforementioned studies also share the notion of horizontal layer formation and strong vertical shear, but the extracted spectra showed large variations. Furthermore, shear instabilities and overturning motions are observed in some studies but not all. These discrepancies in the results must necessarily be the consequence of the different conditions under which the studies are performed. Naturally, F h is a key parameter and also Re has been shown to have a significant influence on turbulence in stratified flows, but the studies do not give a definite answer to how the flow features are related to Re and F h . An additional problem faced in laboratory and numerical experiments is that it is impossible to reach the same combination of Re and F h as in geophysical flows. Stratified flows studied in the laboratory or by simulations always reach small F h at the expense of a relatively low Re and therefore they are perhaps not fully representative of the flows found outdoors.
The main objective of our study is to investigate the influence of Re and F h on the dynamics of strongly stratified flows and in particular on turbulence, length scales, spectra and instabilities. Through DNS of stratified flows with an extensive Re and F h range results of a scaling analysis of the governing equations are validated. This should contribute to a better understanding and a clearer interpretation of the dynamics of strongly stratified flows and a more precise design of future laboratory and numerical experiments so that these more closely resemble stratified geophysical flows.
Scaling analysis
2.1. Governing equations The equations of motions of a stratified, incompressible flow under the Boussinesq approximation are
1)
where u ′ is the velocity, u ′ z the vertical velocity component, p ′ the pressure, ν and κ the viscosity and diffusivity respectively, g the acceleration due to gravity, ρ 0 a constant reference density, e z the unit vector in the vertical direction and ρ ′ a perturbation from the linear density profile ρ. The Brunt-Väisälä frequency, defined as N = √ −(g/ρ 0 )∂ρ/∂z ′ , is assumed constant.
2.2.
Scaling of the equations To understand the dynamics of stably stratified flows, the governing equations are analysed using scaling arguments, thereby briefly recapitulating the analysis of Billant & Chomaz (2001) , Godoy-Diana, Chomaz & Billant (2004) and Lindborg (2006) . This analysis will facilitate the interpretation of the results presented later in the paper and obtained in other studies.
For an arbitrary scale in the fluid with characteristic horizontal velocity and length scale U and l h respectively, and vertical length scale l v , we introduce the aspect ratio α = l v /l h and the horizontal Froude number F h = U/(l h N). Following Riley, Metcalfe & Weismann (1981) and Billant & Chomaz (2001) , the horizontal velocity is scaled by U , the vertical velocity by UF 2 h /α, the horizontal and vertical length by l h and l v respectively, the time by l h /U, ρ ′ by U 2 ρ 0 /(gl v ) and the pressure by ρ 0 U 2 , leading to
where non-dimensional variables are denoted without a prime. Here Re = Ul h /ν, Sc = ν/κ is the Schmidt number, u h and u z are the horizontal and vertical velocity respectively, and ∇ h is the horizontal gradient. In the limit of strong stratification, i.e. F h = U/(l h N) → 0, and Re ≫ 1, we obtain from (2.4)-(2.7) An additional, quite commonly made assumption is l v ≫ U/N,i . e .α ≫ F h ,t o ge t h e r with α ≫ 1/ √ Re. The advection terms involving vertical derivatives in (2.8) and (2.11) can be neglected under these assumptions and the continuity equation (2.10) reduces to ∇ h · u h = 0 (Riley et al. 1981; Riley & Lelong 2000) . The governing equation for u h is then purely horizontal and this assumption therefore leads to the hypothesis that, although variations in the vertical direction are allowed and layers can develop, the dynamics of strongly stratified turbulence is similar to two-dimensional turbulence with an inverse cascade of energy (Lilly 1983; Lilly et al. 1998) . The essential assumption behind this derivation is that l v is not a free parameter but instead imposed by external factors in such a way that the vertical Froude number
In contrast to this, we adopt the point of view of Billant & Chomaz and GodoyDiana et al. that l v is a free parameter determined by the dynamics of the flow itself. Assuming F h ≪ 1a n dRe ≫ 1 and considering (2.8), we can distinguish two dynamically different regimes depending on the relative magnitude of the the vertical advection term, which is O(F 2 h /α 2 ), and the diffusion terms, which are O(Reα 2 ). The state of the flow is thus determined by the parameter R = ReF 2 ) terms (provided that Sc & 1). The governing equations are then selfsimilar with respect to z ′ N/U,w h e r ez ′ is the vertical dimensional coordinate, as shown by Billant & Chomaz (2001) . This suggests the scaling l v ∼ U/N, implying α ∼ F h and F v ∼ 1. The consequence of the scaling l v ∼ U/N is that the vertical advection terms contribute to the leading dynamics which for this reason are threedimensional but strongly anisotropic. Another consequence of this scaling is that the potential energy is of the same order as the kinetic energy (Billant & Chomaz 2001) .
The scaling l v ∼ U/N has been supported by simulations of stratified homogeneous turbulence (Godeferd & Staquet 2003; Waite & Bartello 2004) and it was revealed through linear stability analysis of vortex pairs in stratified flows (Billant & Chomaz 2000b) . Also the experiments by Park, Whitehead & Gnanadeskain (1994) and Holford & Linden (1999) are consistent with this scaling. Lindborg (2006) adopted the scaling l v ∼ U/N and assumed it to be valid at all scales in the strongly stratified inertial range of turbulence. This led to the hypothesis, which we also adopt here, of a special type of three-dimensional turbulence in strongly stratified flows with a highly anisotropic forward energy cascade. We will call this the strongly stratified regime, sometimes abbreviated to 'stratified turbulence'. The perhaps most important underlying assumption of the forward-cascade hypothesis is that the horizontal length scale of the turbulent structures can be estimated as l h ∼ U 3 /ε,w h e r eε is the kinetic energy dissipation, similar to the integral length of isotropic turbulence (Taylor 1935) . This estimate can be validated by assuming that there is a balance between advection and dissipation terms in the kinetic energy equation which can be derived from (2.8). We will use Taylor's estimate as the definition of the horizontal length scale and validate thisáp o s t e r i o r iby comparing this length scale with the horizontal forcing length scale in our simulations. Applying this definition, the Reynolds number, the Froude number and the parameter R can be rewritten as
Defined in this way the parameter R is also called the buoyancy Reynolds number (Smyth & Moum 2000) . From the expression for F h follows the length scale relations
where l O = ε 1/2 /N 3/2 is the Ozmidov length scale. Since it is required that F h ≪ 1, these relations show that the Ozmidov length scale sets a lower limit on the scales of stratified turbulence, in the horizontal as well as in the vertical. Lindborg (2006) made the estimate F h < 0.02 for the limit under which stratified turbulence can be observed.
An interesting observation is that the parameter R, as given by (2.12), does not include any length or velocity scale. According to the scaling analysis in the preceding section, R is the ratio between inertial and viscous forces in stratified turbulence. If it is assumed that both the scaling analysis and the Taylor estimate l h ∼ U 3 /ε are valid for 'eddies' or flow structures of different size l h and different characteristic horizontal velocity scale U , then the influence of the viscosity is equally important at all scales of stratified turbulence. This is in contrast to Kolmogorov turbulence where the influence of viscosity decreases with increasing scale. However, this property of stratified turbulence does not rule out the possibility of an inertial range, because the influence will be very small at all scales when R≫1.
The condition R≫1 can also be written as
where η = ν 3/4 /ε 1/4 is the Kolmogorov scale. Since the Ozmidov length scale marks the transition between stratified and Kolmogorov turbulence the condition (2.14) implies that stratified turbulence can only exist in the presence of Kolmogorov turbulence at small scales. The Kolmogorov scale is to be resolved in a DNS. To simulate stratified turbulence we thus have to resolve not only all scales down to the Ozmidov length scale, but also a considerable range of smaller scales. Faced by these extraordinary computational demands it is natural to ask if the condition (2.14) can be relaxed in any way. If Navier-Stokes viscosity is replaced by hyperviscosity the condition (2.14) can indeed be relaxed (see Appendix A), but as long as Navier-Stokes viscosity is employed it must be fulfilled. To validate (2.14) further, we make an estimate of the energy dissipation in the large scales of stratified turbulence. With l v ∼ U/N,w e obtain
With R≪1, the large-scale dissipation would be larger than the total dissipation and we are faced with a contradiction, and thus R≪1 is not consistent with l v ∼ U/N. If R∼1, the large-scale dissipation would constitute a considerable fraction of the total dissipation. Only if R≫1 is the large-scale dissipation negligible and an inertial range possible.
Using the instability criterion
for the existence of shear instabilities and the estimate ∂u h /∂z ∼ √ ε/ν, Riley & deBruynKops (2003) suggested the condition Ri −1 ∼R> 1 for the existence of Kolmogorov-like turbulence. This condition is thus similar to the one derived above, but the condition R≫1 is more stringent. We would like to emphasize that whereas the condition of Riley & deBruynKops is concerned with the existence of local shear instabilities at small scales, our condition is concerned with the existence of an inertial cascade at scales larger than l O . The Miles-Howard instability criterion can also be calculated for these large scales l h >l O . Using the estimate ∂u h /∂z ∼ U/l v and scaling l v ∼ U/N, which is valid for all vertical scales dominated by stratification, we find Ri ∼ 1. Consequently, we can argue that, through the zigzag instability and spontaneous formation of layers (Billant & Chomaz 2000a) , intense vertical shear is generated that makes the flow susceptible to shear instabilities.
Just as in the case of Kolmogorov turbulence, scaling arguments (Lindborg 2006 ) suggest that the horizontal kinetic and potential energy spectra of stratified turbulence should have the form
Here, ε and ε P are the dissipation of kinetic and potential energy respectively and C 1 and C 2 are two constants corresponding to the Kolmogorov and the Obukhov-Corrsin constants of Kolmogorov turbulence. Scaling arguments (Billant & Chomaz 2001; Lindborg 2006) also suggest that the vertical energy spectra should have the form
for vertical wavenumbers, k v ,s u c ht h a tk v l v ≫ 1a n dk v l O ≪ 1. It should be noted that the range of vertical wavenumbers where (2.18) can be valid is much more narrow than the range where (2.17) is supposed to be valid, which can be seen from the length-scale relations (2.13). With F h ∼ 10 −3 , which is a reasonable value for geophysical flows, these relations suggest that the k −5/3 h -range of the horizontal spectra should encompass three or four decades while the k −3 v -range of the vertical spectra would not be broader than one decade. There are several other theories (e.g. Lumley 1964; Dewan & Good 1986; Hines 1991 ) that predict vertical energy spectra of the form (2.18) in different wavenumber ranges of geophysical flows. For a review of these theories see Waite & Bartello (2006) . .8) is negligible compared to the viscous term and the vertical interaction between layers and pancake vortices is predominantly through vertical viscous shearing. Assuming that the vertical length scale is a free parameter selected by the flow itself, Godoy-Diana et al. (2004) have argued that the vertical length scale can only be determined by a balance between the horizontal advection term and the vertical diffusion term. This is fulfilled if Reα 2 ∼ 1 (if we assume Sc & 1 which is true for most geophysical flows) giving
R = ReF
The vertical length scale is thus independent of the strength of the stratification and the non-dimensional governing equations (2.8)-(2.11) reduce to
Riley & Lelong (2000), among others, derived a similar set of equations by directly assuming F v ≪ 1, but it was thought to describe stratified flows with strong viscous effects as well as without such effects. If R≪1 the large-scale dynamics is determined by a balance between inertial and viscous forces due to vertical shearing. Therefore no inertial cascade can develop and the dissipation occurs predominantly at the largest scales. We call this regime the viscosity-affected stratified flow regime. We can estimate the dissipation at large scales by ε Large = ν ∂u h /∂z 2 ∼ νU 2 /l 2 v . Assuming ε Large ≃ ε and using (2.19) we obtain ε ∼ U 3 /l h , i.e. Taylor's estimate is valid for viscosity-affected stratified flows as well. Relations (2.12) thus remain valid and we can estimate Ri ≃ 1/R showing that Kelvin-Helmholtz type of disturbances cannot be present when R≪1. Praud et al. (2005) observed the scaling ε ∼ U 3 /l h in their experiments where Ri ≫ 1. The observed self-similarity in their experiments can thus be understood on basis of the present analysis for R≪1, but, contrary to their claim, this situation does not resemble stratified flows at much higher Re because then R≫1 and the dynamics described in § 2.3 should take over.
Simulations
3.1. Numerical methodology Homogeneous turbulence with a uniform and stable stratification is simulated to validate the hypotheses presented in § 2. A standard pseudospectral method with periodic boundary conditions is employed to solve the Boussinesq equations (2.1), (2.2) and (2.3). The numerical domain is a rectangular box with sides L h in the two horizontal directions and side L v in the vertical. Time advancement of the equations is carried out with the classical fourth-order Runge-Kutta method for the nonlinear terms and exact integration of the viscous and diffusive terms. Aliasing errors arising from the computation of the nonlinear terms are suppressed by a combination of phase shifting and truncation.
Forcing is employed to simulate strongly stratified turbulent flows with high Reynolds numbers. An advantage of forcing is that the flow attains a statistically stationary state and this simplifies a parametric study of the influence of Re and F h . Using an eddy-damped quasi-normal Markovian (EDQNM) closure model, Godeferd & Cambon (1994) showed that pure vortical interactions are dominant in strongly stratified turbulent flows and induce the strong anisotropy and layers. Forcing of the vortical modes therefore seems an efficient way to generate the desired anisotropic stratified turbulence. Like Herring & Métais (1989) Ta b l e 1 . Overview of the numerical and physical parameters used in the simulations. (2004) and Lindborg (2006) we opt for a purely horizontal forcing, implying that layer formation, vertical shear instabilities and the resulting vertical length scale are entirely the consequence of internal dynamics of the flow. In the DNS the forcing is restricted to horizontal vortical modes with 2πk h /L h 6 3 (the density field is not forced). The amount of forcing power injected at low wavenumbers is held constant by employing a method similar to the one proposed by Alvelius (1999) . Lindborg (2006) used essentially the same forcing technique as we use, the only difference being the weak forcing of the vertical modes used by Lindborg which is omitted here. The simulations are initialized with random velocity fluctuations obeying a prescribed energy spectrum. This ensures that the large-scale, purely two-dimensional vortices induced by the forcing can become unstable through a mechanism such as the zigzag instability (Billant & Chomaz 2000a) leading to the spontaneous development of layers.
3.2. Choice of the numerical and physical parameters Several DNS have been carried out within a quite wide range of values for Re and small F h . The numerical and physical parameters used in the DNS are listed in table 1. The physical parameters are extracted from the DNS after the flow had reached statistical stationarity. The parameters have been chosen so that both regimes, R < 1a n dR > 1, are covered by the simulations. The simulations are labelled R, A, B, C, D to distinguish the runs with (approximately) the same horizontal resolution. The additional number denotes the value of R in the simulation, e.g. run D9.6 is a simulation with R =9.6. Owing to computational limitations, we have only carried out simulations up to R≃16. The root-mean-square of the horizontal velocity fluctuations U is used as the characteristic velocity scale, l h is estimated as l h = U 3 /ε and the other parameters as in (2.12). F h is small and, as a result, l v ≪ l h . Therefore, we set L v <L h . In all the simulations Sc =0.70 and this corresponds closely to stratified air.
The requirement for the resolution to have well-resolved small scales is k max η>1 (de Bruyn Kops & Riley 1998), where k max is the maximum resolved horizontal wavenumber. To reduce the computational costs, the simulations were started with a relatively low resolution. The resolution was then increased in steps to the final resolution listed in table 1 satisfying k max η>1. During the beginning of the time series which will be presented the resolution was lower than the final resolution. All statistics which do not include time series are calculated from the final stage with the high resolution.
Results
4.1. Time series and general observations In figure 1, time series of the total energy E tot = E K + E P and potential energy E P extracted from the B-runs are plotted after the simulations had reached approximately statistical stationarity. Energy is normalized by (PL h ) 2/3 ,whereP is the forcing power, and time t is normalized by (P/L 2 h ) 1/3 (also in the figures hereafter). Both E tot and E P show large fluctuations during the computations, but such fluctuations have also been observed in DNS of forced isotropic turbulence when the forcing is restricted to the lowest modes. Time series of the dissipation ε tot = ε + ε P and ε P presented in figure 2 show significant fluctuations as well, but ε tot normalized by P fluctuates about the value 1, implying a balance between dissipation and forcing input on average. Time series of the energy and the dissipation in other runs were similar to the B-runs, e.g. after the transition period the power input is on average balanced by the dissipation and energy remains approximately constant. Figure 3 shows the evolution of kinetic energy in the shear modes, i.e. E K (k h =0), normalized with the total kinetic energy. The fraction of energy in the shear modes varies but it is significant in all runs. In some runs, the energy in the shear modes does not seem to increase, but in others a slow growth can be observed on a very long time scale, which is not related to any dynamical time scale of the flow. Neither is there any relation between the growth rate and Re or F h . Such a slow accumulation Figure 2 . The time evolution of (a) the total energy dissipation ε tot /P and (b) the potential energy dissipation ε P /P . Lines as in figure 1. of energy in the shear mode has also been observed by Smith & Waleffe (2002) , Laval et al. (2003) , Waite & Bartello (2004 , 2006 and Lindborg (2006) . In these studies, it was argued that this could be due to the use of periodic boundary conditions. There is some evidence that this has little or an insignificant influence on the dynamics of the flow and on the quantities of interests (Waite & Bartello 2004; Lindborg 2006) . Following Waite & Bartello (2004 , 2006 and Lindborg (2006) , we do not try to reach a complete equilibrium with respect to the amount of energy in the shear mode because this would be computationally too costly. Hereafter, we consider the flow to be statistically stationary if the energy and the dissipation reach an approximately constant value.
Using the scaling ρ ′ ∼ U 2 ρ 0 /(gl v ) presented in § 2 together with l v ∼ U/N for R≫1 and (2.19) for R≪1, we can deduce that E P ∼ E K when R≫1a n dE P ∼ E K R when R≪1. Figure 4 (a) presents the mean ratios E P /E K extracted from the DNS. A general increase of E P /E K is observed with increasing R and the ratio E P /E K seems to asymptote to a constant value of about 0.15 when R > 1, in agreement with the scaling predictions. This is quite close to the values computed by Lindborg (2006) . The ratio E P /E K can be affected by the forcing method, but the trend should be universal in all simulations using the same forcing method. The ratio ε P /ε, shown in figure 4(b), approaches a constant value of about 0.4 − 0.5w h e nR > 1 in agreement with Riley & deBruynKops (2003) and Lindborg (2006) . When R < 1, the ratio ε P /ε decreases with decreasing R as does the ratio E P /E K . Some additional physical parameters extracted from the DNS are presented in table 1. We can see that u ′ z u ′ z /E K is small and decreases with decreasing F h in agreement with the scaling analysis in § 2 which predicts u
However, this scaling could not strictly be confirmed but it should be noted that the anisotropy of the turbulence is partly affected by the forcing. The buoyancy flux correlation u 
Flow structures
In this section, we study the flow structures after the simulations have reached a statistically stationary state. Snapshots of the fluctuating density field on a vertical (x, z)-plane extracted from several simulations are presented in figure 5 . The ratio between the horizontal and vertical scales in the figures is the same as in the simulations. In all simulations visualized in figure 5, F h ≃ 0.015 but Re increases from bottom to top. The appearance of the density field is strikingly different according to the snapshots. At relatively low Re and R < 1, the density field is smooth with relatively flat large-scale structures. No small-scale disturbances are visible and this points to the significant influence of viscosity on the dynamics. When Re is increased, large-scale structures remain visible, but small-scale disturbances become more frequent and a sharper gradient between the large-scale anisotropic structures can be observed in figure 5 , see in particular the snapshot extracted from run D9.6. These disturbances, presumably caused by the sharp vertical gradients between the large structures, suggest the existence of Kelvin-Helmholtz instabilities. They can also be the manifestation of three-dimensional turbulence for scales smaller than l O in the weakly stratified range. Kelvin-Helmholtz-type instabilities generated by the intense shear between the large-scale layers that subsequently break down into three-dimensional turbulent-like motions were also seen by Riley & deBruynKops (2003) .
The features for R < 1a n dR > 1 observed in figure 5 can also be seen at other F h . Figure 6 shows a vertical slice extracted from run D0.5 with F h =0.0039 and Re = 31 000. Smooth but very thin layers can be seen whereas disturbances are almost absent. The thickness of the layers agrees with scaling relation (2.19) for R < 1a s will be shown later. Such very smooth layers with apparently no or few small-scale disturbances were also observed by Waite & Bartello (2004) and Laval et al. (2003) at low F h . Note that the layer formation in the present simulations is entirely the quasi-vertical structures are unstable and layers develop after some time. The spontaneous layer formation might be the result of the zigzag instability studied in detail by Billant & Chomaz (2000a) .
In figure 7 , we show snapshots of the density field on an (x, y)-plane (horizontal plane). The large-scale structures are the footprints of the large-scale, horizontal forcing applied in the present simulations. Smaller-scale, turbulent-like motions are clearly visible at many places in the snapshot when R > 1(plota). On the other hand, when R < 1( p l o tb) much of the density field appears to be undisturbed and only localized wave-like disturbances can be observed in figure 7 .
In figure 8 , we show a snapshot of the kinetic energy dissipation ε extracted from run D9.6 on the same plane as in figure 5(a) . The small-scale turbulent-like motions and sharp vertical gradients in the density field appear to correlate with intense dissipation.
Probability density functions (PDFs) of the local Richardson number
, where u ′ x and u ′ y are the two horizontal velocity components and ρ * is the sum of the ambient and the fluctuating density field, are presented in figure 9 . A negative Ri signifies overturning of the density field and regions with Ri < 0.25 are prone to shear instabilities according to the Miles-Howard criterion. From figure 9, it can be deduced that the occurrence of negative Ri and thus overturning of the density field increases when R increases, in agreement with the visualizations presented in figures 5 and 7. In all cases with R < 1, the probability of negative Ri is small, and is negligible if R≪1 confirming the strong stability of the flow with respect to vertical shear instabilities. Furthermore, we see that the PDFs have a peak at Ri =0 when R > 1, implying a high probability of well-mixed regions with a zero total density gradient. This indicates the existence of a step-like density profile: well-mixed regions separated by large and sharp gradients in the density field. Such a step-like profile in the scalar field is a common phenomenon in classical turbulence and stratified turbulence (Park et al. 1994) . In contrast, when R < 1, the PDFs have no peak at Ri = 0 but one at Ri ≃R −1 as implied by (2.16), showing that most of the density perturbations are suppressed.
In figure 10 , the ratio of the dissipation due to vertical shearing and the total dissipation
is plotted as a function of R. The visualizations have shown that turbulent motions and instabilities are nearly absent if R < 1, suggesting that in this case dissipation of kinetic energy is mainly due to vertical shearing of the layers, and this is confirmed by figure 10 because S ≃ 1forR < 1. Praud et al. (2005) observed as well the predominant dissipation by vertical shearing for R < 1. Although the forward cascade of energy is very weak for R < 1 as we will show later, the significant dissipation of energy by vertical shearing of the large-scale motions makes a statistically stationary state possible.
When R > 1, a Kolmogorov-like turbulence range develops for horizontal scales smaller than l O as explained in § 2.3, with weak effects of stratification suggesting dissipation of energy by small, approximately isotropic scales. In agreement with this, figure 10 shows that the dissipation becomes more isotropic because S decreases and approaches the value for isotropic turbulence S =0.267 when R increases. The same dependence of the anisotropy of dissipation on F h and Re individually have been observed by Riley & deBruynKops (2003) and Waite & Bartello (2004) respectively, but no relation has been established between dissipation characteristics and R.O u r results are also consistent with the DNS of stratified mixing layer by Smyth & Moum (2000) . They found that the anisotropy of the velocity gradients was determined by the buoyancy Reynolds number ε/(νN 2 ) when the flow was no longer influenced by the initial conditions. Their simulations showed a large contribution of the vertical shearing of the streamwise velocity component for ε/(νN 2 ) < 1, an approach to isotropy for ε/(νN 2 ) > 1 and a clear transition from the highly anisotropic state to the more isotropic state around ε/(νN 2 ) ≃ 1. These observations have been also qualitatively confirmed by Hebert & de Bruyn Kops (2006) .
Scales
The length scales need to be computed to validate the scaling analysis presented in § 2. The horizontal length scale l h , calculated using Taylor's estimate, is mainly determined by the large-scale forcing and is approximately equal to the domain size L h in all simulations as shown in table 1. The vertical length scale l v is computed as explained in Appendix B and is much smaller than l h , as shown in table 1, revealing the strong anisotropy of the large scales and legitimating the use of a stretched domain in our computations. Still, in all simulations, l v is smaller than the computational domain height L v so that it contains several layers, as seen for example in figure 6. Since Waite & Bartello (2004) showed that no vertical scales larger than l v are present in a stratified fluid, it can be claimed that the vertical scales are not confined by the computational domain. Figure 12 . The compensated horizontal one-dimensional kinetic energy spectra
K (thick lines) and potential energy spectra E P (k h )k 5/3 h ε 1/3 K /ε P (thin lines). The horizontal wavenumber k h is scaled by l O . ---, D9.6; −−−, D4.2; ·····, D1.6; −··−··−, D0.5; grey line, D0.1.
In figure 11 , l v scaled by l h Re −1/2 and by U/N is displayed. The vertical length scale extracted from all the different simulations clearly shows the scaling l v ∼ l h Re −1/2 when R < 1 and supports the scaling l v ∼ U/N when R > 1. We stress that the values of l v display a large scatter without the scalings since the DNS covers a fairly wide range of F h and Re. Moreover, the scalings show that the transition between the two regimes takes place around R = 1 and are fully consistent with the hypotheses presented in § 2. These results can explain why Godeferd & Staquet (2003) observed the scaling l v ∼ U/N because R > 1 in their simulations, whereas Praud et al. (2005) observed a scaling consistent with l v ∼ l h Re −1/2 because R < 1 in their experiments.
4.4. Spectra The one-dimensional vertical and horizontal spectra studied here are computed in the same way as in Lindborg (2006) . In figure 12 , compensated horizontal one-dimensional kinetic energy spectra E K (k h )k 5/3 h /ε 2/3 K and potential energy spectra E P (k h )k 5/3 h ε 1/3 K /ε P extracted from the D-runs are shown. The spectra are compensated according to (2.17) and the value obtained by Lindborg (2006) for C 1 ≃ C 2 =0.51 is represented by the straight line in figure 12 . The hypothesis presented in § 2.3 for R≫1 predicts a stratified turbulence inertial range with a k −5/3 h -power-law behaviour for k h l O ≪ 1. We do not see such a clear range in our simulations because R is presumably not large enough in the DNS to have an inertial range virtually free of viscous effects. Moreover, the wavenumber band with an eventual inertial range is small in the DNS, hindering the assessment of power-law behaviour. Nevertheless, the spectra extracted from runs D9.6 and D4.2 show a wavenumber range close to the straight line, suggesting an approach to the k −5/3 h -power-law behaviour, but a plateau in the compensated spectra as in the simulations of Lindborg (2006) using hyperviscosity is not clearly discernible. The spectra extracted from run D9.6 show a 'bump' at higher k h . This bump is probably caused by Kelvin-Helmholtz instabilities generating more classical three-dimensional turbulence at small scales. Such a 'bump' was observed by Lindborg (2006) as well at moderate Re. The slope of the spectra at the lowest wavenumbers is a consequence of the forcing. The compensated kinetic energy spectra Figure 13 . The compensated horizontal one-dimensional (a) kinetic energy spectra
K /ε P at R≃9. The horizontal wavenumber k h is scaled by l O . ---, D9.6; −−−, B9.3; ·····, A9.3. and the potential energy spectra approximately overlap each other at intermediate wavenumbers when R > 1, giving support to the hypothesis of Lindborg (2006) that these spectra have the same form and the finding that C 1 ≃ C 2 . The differences between the kinetic and potential energy spectra at low wavenumbers is caused by the forcing whereas the differences at high wavenumbers might be related to the non-unity Schmidt number used in our DNS (Sc =0.7).
Spectra extracted from the simulations with R < 1 deviate significantly from the others. The spectra have a steep slope and there is obviously no wavenumber range that resembles a k −5/3 h -power-law range. Spectra extracted from runs D1.6 and D0.5 display a distinct peak. This is probably a fingerprint of the intermittent shear instabilities observed in visualizations (figure 6) and also revealed by PDFs of the local Richardson number in these cases (figure 9). Such peaks in the spectra were also observed by Laval et al. (2003) when shear instabilities were present in the flow. The kinetic energy spectrum extracted from run D0.1 is very steep with a slope close to k −5 h , which bears close similarities with the spectra obtained by Laval et al. (2003) and Waite & Bartello (2004) in the most strongly stratified cases.
Compensated horizontal kinetic and potential energy spectra extracted from runs A9.3, B9.3 and D9.6 are displayed in figure 13 . In all three simulations, R≃9, but Re and F h are varying. According to (2.13), the width of the inertial range should increase as F −3/2 h toward low k h l O , and we see a broadening of the plateau with decreasing F h , which is in qualitative agreement with (2.13). However, the inertial range is not sufficiently well-defined to make a quantitative comparison, but nevertheless the spectra appear to confirm the scaling suggested by (2.17) and show that the parameter determing the shape of the spectrum is neither F h nor Re but R. Figure 14 displays compensated spectra for three simulations with R≃0.1b u t different Re and F h . In all cases the spectra are very steep and different from those in figure 13 . This supports the hypothesis that when R < 1 turbulent inertial-range dynamics does not exist, irrespectively of the value of Re.
Following Lindborg (2006), we define the kinetic energy flux through a certain horizontal wavenumber k ρ as where T k is the spectral energy transfer function (see Lindborg 2006) . The flux of potential energy, Π P (k ρ ), is defined in the corresponding way. A positive energy flux Π K (k ρ )o rΠ P (k ρ ) implies a net transfer of energy from large to small scales and a negative flux implies an inverse cascade. Figure 15 shows Π K (k ρ )a n dΠ P (k ρ ). The data extracted from run D9.6 show that Π K is positive, which is a clear manifestation of an energy flux from large to small scales. Furthermore, a range of scales where Π K is approximately constant is visible and this points to the emergence of an inertial subrange. When R decreases, this inertial subrange with an approximately constant Π K disappears progressively. When R < 1, the flux remains positive, but Π K decreases rapidly for large k h , implying that the transfer of energy from large to small scales is weak. A clear transfer of potential energy from large to small scales is noticeable in the energy flux extracted from run D9.6 as shown in figure 15(b) . In the range 0.01 <k ρ l O < 0.1, Π P is approximately constant, but the energy flux increases when k h l O increases to 0.5. This 'bump' appears at the same wavenumbers as the 'bump' in the compensated energy spectra. The potential energy flux is also positive in run D1.6, but the flux has a clear 'dip' with a decreased energy flux around k ρ l O ≃ 0.06, implying a disruption of the flux from large to small scales. In run D0.5, Π P is even negative between k ρ l O =0.012 and 0.045, implying a net, but small, potential energy flux from small to large scales in this wavenumber range. Accordingly, computed energy Figure 16 . The vertical (a) kinetic energy spectra dissipation spectra (results not shown) reveal that in this run most of the energy is dissipated by large horizontal scales at wavenumbers near the forced wavenumbers whereas in run D9.6 the major fraction is dissipated by small-scale motions.
Vertical spectra of kinetic and potential energy are displayed in figure 16 . Both spectra are scaled by U 2 l v and vertical wavenumbers are scaled by l v . The slope of the spectra for R > 1 is close to or slightly less steep than k −3 v for intermediate wavenumbers and is consistent with the similarity form (2.18). In contrast, the vertical spectra for R < 1 do not reveal any power-law range and are steeper than k −3 v at high wavenumbers.
In figure 17 , vertical co-spectra F (k v ) of the vertical buoyancy flux u ′ z ρ ′ are shown. The spectra are multiplied by k v to accentuate the high-wavenumber behaviour and scaled by u figure) corresponds to down-gradient buoyancy flux and a conversion of kinetic into potential energy. A positive sign in the figure implies a counter-gradient flux: displaced fluid parcels move back to their equilibrium position and the fluid is said to re-stratify (Holloway 1988; Staquet & Godeferd 1998) . At low k v , the spectrum in all displayed simulations is negative meaning a transfer from kinetic to potential energy at large scales. Note that the current forcing method whereby only the horizontal velocity field is forced imposes u ′ z ρ ′ > 0 (this follows from the balance equation of the potential energy), but it does not directly force u ′ z and hence the buoyancy flux. However, at higher k v the co-spectra are positive, implying a re-stratification at vertical scales near the Ozmidov scale. These counter-gradient fluxes are significant and particularly evident when R > 1. In run D9.6 the integrated counter-gradient flux normalized by the total flux is 0.25 for example. Counter-gradient buoyancy fluxes at small scales were observed by Holloway (1988) , Staquet & Godeferd (1998) and Carnevale, Briscolini & Orlandi (2001) . Holloway also studied the issue theoretically. The re-stratification at small vertical scales coincides with the existence of shear instabilities, overturning motions and small-scale turbulence existing for R > 1a s shown in § 4.2. In run D0.5, where there are virtually no small-scale turbulent motions, the counter-gradient flux is negligible, but in run D9.6, counter-gradient fluxes are important which goes hand-in-hand with the appearance of Kelvin-Helmholtz-type instabilities and turbulent-like small-scale motions in the fluid.
Discussion
The scaling analysis presented in § 2 has been validated through a series of DNS of homogeneous turbulence with strong stratification and a purely horizontal forcing of the large horizontal velocity scales. Re and F h have been varied in the DNS so that the dynamics in the two distinct regimes R > 1a n dR < 1 could be investigated.
After a transition period, the flow attained a statistically stationary or quasistationary state in all simulated cases, with an approximately constant mean kinetic and potential energy and a forcing energy input on average balanced by the dissipation. Visualizations revealed significant differences between the simulations with R > 1a n dR < 1 respectively. When R < 1, large smooth and stable horizontal layers were observed which were thin at high Re. Occasionally, some local wave-like disturbances were seen but turbulent-like structures were usually absent. On the other hand, when R > 1 large quasi-horizontal layers were still noticeable but at the same time disturbances resembling Kelvin-Helmholtz-type rollers and smaller-scale threedimensional turbulent-like motions were abundantly present in the flow. We have argued that scales below l O were weakly affected by stratification. Correspondingly, the small-scale dissipation approached isotropy when R > 1 whereas the dissipation was predominantly due to vertical shearing when R < 1. Other statistics extracted from the DNS, such as the ratio of potential to kinetic energy, revealed clear differences in the regimes R < 1a n dR > 1 as well. Moreover, several statistics displayed an approximately universal behaviour in terms of R, confirming the importance of this parameter for the dynamics of stratified flows.
Horizontal and vertical kinetic and potential energy spectra were extracted from the DNS. When R < 1 the horizontal spectra were very steep whereas for R > 1 the spectra displayed a wavenumber range that approached a k −5/3 h -power-law behaviour, in accordance with the studies of Riley & deBruynKops (2003) and Lindborg (2006) . When R > 1 vertical spectra were steeper than the horizontal spectra and approximated k −3 v . Most of the energy was dissipated by relatively large horizontal scales when R < 1 whereas for R > 1 a significant fraction was dissipated at small scales which signified an energy transfer from large to small scales. This was confirmed by computed energy flux spectra which showed a clear energy cascade from large to small scales and the appearance of an inertial range when R > 1. On the other hand, the spectral energy flux was very weak when R < 1, implying that the energy is mainly dissipated by vertical shearing at scales close to the forcing scales. Riley & deBruynKops (2003) ; green square (S&G): DNS run A by Staquet & Godeferd (1998) ; red triangles (L&VA): experiment of decaying stratified turbulence by Lienhard & Van Atta (1990) listed in their table 1; red and blue lines (P,F&S): experiments bc and be of decaying stratified turbulence by Praud et al. (2005) . Conditions typically found in the middle atmosphere (Lindborg 2006) and the upper ocean (Moum 1996) are shown by the blue and red circle respectively, but these conditions can vary considerably. Values of Re and F h are estimated using (2.12).
Many observations in other studies on stratified flows are in accordance with our observations at either R < 1o rR > 1. The smooth, elongated horizontal and nearly undisturbed layers with strong viscous shearing between them and the very steep horizontal spectra we found when R < 1 correspond to the observations by Laval et al. (2003) , Waite & Bartello (2004) and Praud et al. (2005) , whereas the KelvinHelmholtz-type instabilities, small-scale turbulent-like motions and the spectra with an approximate k −5/3 h -power-law range we found when R > 1 correspond to the observations by Riley & deBruynKops (2003) and Lindborg (2006) . The significance of the present study is mainly the series of DNS of stratified turbulence covering a relatively wide range Re and F h . These simulations strongly support the hypothesis that the two different types of dynamics observed in our and previous studies can be explained by differences only in the parameter R.
We can conclude from these observations that only when R = ReF 2
h > 1 does a clear and significant transfer of kinetic and potential energy from large to small (horizontal) scales exist and an inertial range emerges with a k −5/3 h -power-law behaviour. The scaling analysis was carried out for R→∞but the results from the simulations show that R & 1 is already sufficient to observe the features of strongly stratified turbulence. However, we have argued that R≫1 is required to have a clear stratified turbulence inertial range. When R < 1, the dynamics (energy transfer, buoyancy flux and dissipation) is predominantly confined to the scales near or at which the energy is injected.
To conclude, figure 18 presents a diagram with the different regimes that are found in stably stratified flows depending on the value of Re and F h as suggested by this study. The strongly stratified turbulence regime is bounded by the thresholds R = ReF is merely an estimate (Lindborg 2006 ). When R < 1, we find the viscosity-affected stratified flow regime with large, stable and quasi-two-dimensional layers with strong vertical viscous shearing. For geophysical flows, the strongly stratified turbulence regime is arguably of much interest. This is highlighted in figure 18 , which shows that the typical conditions found in the middle atmosphere and the upper ocean fall well inside the strongly stratified turbulence regime. However, this regime is hard to achieve in laboratory experiments and numerical simulations because both a low F h and a high Re are required. In particular, at moderately high Re,t h eF h range where strongly stratified turbulence is found is limited. The diagram shows the conditions under which the DNS have been performed. Some of the present simulations have just met the conditions ReF Further experiments or numerical simulations at higher Re and lower F h are of importance to study in more detail the dynamics in the regime of strongly stratified turbulence, but this poses a severe challenge. It is also of interest to apply different forcings to investigate if strongly stratified turbulence is a universal phenomenon which is independent of the particular method of energy input at large scales. Interesting possibilities are forcings having a vertical component (in this study we only consider the particular case of purely horizontal forcing) and randomly forced internal waves vs. vortical motions. The latter point has been addressed by Waite & Bartello (2004 , 2006 and Lindborg & Brethouwer (2007) .
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Appendix A. Condition for inertial-range stratified turbulence with hyperviscosity
In the same way that we estimated the ratio between large-scale dissipation and total dissipation in (2.15) for Navier-Stokes viscosity we can estimate this ratio when the Navier-Stokes diffusion operator ν∇ 2 is replaced by a hyperdiffusion operator (−1) n−1 ν (n) ∇ 2n ,w h e r eν (n) is the hyperviscosity. Assuming that l v ∼ U/N we obtain In a simulation we should resolve η (n) .I fF h ≪ 1a n dn>1, this can be accomplished without violating the condition (A 3) even with a resolution scale which is of the order of the Ozmidov length scale or even a little larger. Using (2.13) the condition (A 3) can also be formulated as
(A 4)
For small but finite F h and very high-order hyperviscosity (n →∞ ), the right-hand side is of the order of unity, and in this case it is therefore sufficient that the resolution scale is considerably smaller than l v ∼ U/N.
